We consider the relativistic scattering of unequal-mass scalar particles through graviton exchange in the small-angle high-energy regime and calculate the scattering amplitude up to the next-toleading eikonal correction, including gravitational effects of the same order. We find that these power corrections are consistent with the exponentiation of a corrected phase in impact parameter space, once all possible graviton exchanges are summed. The leading power correction is suppressed by a single power of the ratio of momentum transfer to the energy of the light particle in the rest frame of the heavy particle, independent of the heavy particle mass. For large enough heavy-particle mass, the saddle point for the impact parameter is modified compared to the leading order by a multiple of the Schwarzschild radius determined by the mass of the heavy particle, independent of the energy of the light particle.
I. INTRODUCTION
There has been a renewed interest in perturbative quantum gravity in part due to recent developments illuminating a relationship between gravity and gauge theory amplitudes [1, 2] and also because of its relevance in high energy, small angle scattering [3] [4] [5] [6] [7] [8] . The long distance regime of this theory is particularly interesting as quantum gravity has a simpler infrared structure than gauge theories. For instance, there is a cancellation of collinear divergences in the former theory but not the latter [9] [10] [11] and the logarithmically divergent soft amplitudes have a ladder like structure.
Since the infrared behavior of perturbative quantum gravity is tractable, it is important to look for observables for which long distance effects are particularly important. A fundamentally infrared dominated physical quantity of note in perturbative quantum gravity is the eikonal phase that has been calculated for small-angle high-energy scattering processes. An eloquent overview of the eikonal regime for this type of scattering is given in a set of lectures by Giddings [8] .
This process has been shown to be largely independent of short distance physics. Giddings, Gross and Maharana [6] argued that the scattering of strings may be replaced by graviton contributions alone with short distance physics playing no significant role. As reviewed in [8] the leading eikonal approximation is justified for high energy, small angle scattering of equal-mass particles, because the impact parameter as determined from the saddle point of the loop integrations is larger than the typical gravitational radius 2GE by a factor of s/t. * Electronic address: akhoury@umich.edu † Electronic address: rsaotome@umich.edu ‡ Electronic address: george.sterman@stonybrook.edu
Thus non-local string effects are actually subdominant to higher loop gravitational processes for a large range of impact parameters. In a slightly different kinematic regime, to be discussed later, we find the first subleading contributions coming from field theory corrections to the eikonal phase.
The eikonal approximation provides the leading contribution, which exponentiates in impact parameter space. Large impact parameters dominate the scattering in this regime. The next-to-eikonal contribution to small-angle high-energy gravitational scattering has to our knowledge not previously been calculated, although there has been much interesting progress on this topic for non-abelian gauge theories [12, 13] . In [14] the effective vertices at the next-to-eikonal level for gravity are given. Our specific calculations will also make contact with the extensive computations of Ref. [15] . A number of our results will involve special limits of the diagrammatic calculations outlined there.
In this paper, we consider the near forward scattering of unequal-mass scalar particles, and compute power corrections to the eikonal approximation in
, where ∆ is the momentum transfer and E φ the energy of a light projectile that undergoes small-angle scattering by a heavy target, nearly at rest. We will find potentially substantial corrections, linear in this ratio, associated with both the next-to-eikonal expansion and, at the same level, corrections due to the nonlinear gravitational interactions.
In section II A we will review the calculation for the leading eikonal phase to establish our conventions. We proceed to calculating the next-to-eikonal phase in section II B. This is done by expanding the scalar propagator to next-to-eikonal order as well as allowing seagull type vertices in the diagram. We find that part of this contribution exponentiates, and calculate the correction to the saddlepoint at this order. We conclude with a summary and brief discussion of our results. Certain technical calculations are relegated to an appendix.
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II. RELATIVISTIC SCATTERING It was shown by 't Hooft [3] that the scattering of ultrarelativistic particles could be reliably studied by considering graviton exchange in perturbative quantum gravity. In the rest frame of one of the particles, the gravitational field of the rapidly moving particle is that of a gravitational shock wave, which can be described by the Aichelburg-Sexl metric [18] . The particle at rest is a quantum particle whose dynamics can be described by the solutions of Klein-Gordon equation in the AichelburgSexl background. This was 't Hooft's approach [3] and the results can also be obtained by summing a class of Feynman diagrams in the eikonal approximation [8, 19] . In this section we will demonstrate how this latter approach can be extended to the next-to-eikonal level.
We will investigate the small-angle gravitational scattering of an ultra-relativistic light scalar particle of energy E φ off of a very heavy scalar particle. The mass of the heavy particle, M σ , is bigger than E φ and both are much larger than the transferred momentum. This approximation is made not only because it simplifies the calculations needed to determine the next-to-eikonal corrections. It will also lead to power corrections of the form
, which in terms of invariants is (−t)M σ /(s − M 2 σ ), much larger than the corrections that characterize the scattering of equal-mass particles.
We first show the exponentiation of the amplitude in the leading eikonal approximation in the kinematic regime described above. Then we consider the next-toleading eikonal corrections. To make our kinematics explicit, throughout this paper we will be working in the large center of mass energy and small angle scattering regime for the scattering,
so we will take the incoming and outgoing momentum p and p of the light scalar particle φ to be much larger than the momentum transfer between the two scalars, ∆ = p − p. We will take q and q to be the incoming and outgoing momenta of the heavy scalar σ. We will also work in the frame where ∆ 0 = 0 and in the de Donder gauge. We will always work to leading power in M σ , and seek the first power corrections in E φ .
A. Eikonal Phase
Let us first consider this process in the eikonal limit to establish our conventions. In this limit it is well known that only the ladder and crossed-ladder type diagrams contribute. It will be instructive to consider the cases where one and two gravitons are exchanged between the scalars before moving to the general n-graviton case. 
One Graviton Exchange
Let us first work with the simplest case where only a single graviton is exchanged (Fig. 1) . The matrix element corresponding to this diagram can be written as
where
is the numerator of the de Donder gauge graviton propagator,
is the scalar-scalar-graviton vertex, and κ 2 = 32πG. We will use the fact that in the large M σ limit
To leading power in M σ , the right hand side of (5) is independent of the momentum flowing through the vertex so we will always be free to use this identity for any vertex on a heavy line. In the ultra-relativistic limit M φ = 0 and p
Corrections are down by two powers of E φ . Note that in the ∆ 0 = 0 frame p 0 = p 0 , and (6) is valid whenever the p 0 = p 0 condition holds. We emphasize that the terms we have ignored at leading eikonal order in (5) and (6) are suppressed either by a factor of M σ and E 2 φ respectively. Thus, when we consider the 1 E φ next-to-eikonal contribution in the following discussion, we will not need to consider corrections arising from such numerator factors. This is one of the primary benefits of working in this particular kinematic regime.
Using (5) and (6), we have 
Two Graviton Exchange
Let us now consider the scattering process where two gravitons are exchanged. In this case the matrix element becomes
where we have made use of (5) . Note that the sum in the last line of (8) corresponds to summing over the ladder ( Fig. 2 ) and crossed ladder (Fig. 3) diagrams. In the large M σ limit and the ∆ 0 = 0 frame, we have,
This expression, can be simplified by use of the identities (see [20] and references therein), which we will have several occasions to use below, on both the heavy and light scalar lines.
Perms of ωi
In (8),
After applying (10) we have,
Note that the delta functions over k 
n-Graviton Exchange
Let us now consider the form of the matrix element when n gravitons are exchanged. In this case, the matrix element is
where k i are the graviton momenta and
The tensors τ
are the n scalarscalar-graviton vertices on the light scalar line. We have made use of the heavy scalar vertex approximation, Eq. (5). As we saw in the two graviton case, the summation over all permutations of the ordering of the graviton momenta onto the heavy line generates all the diagrams.
Just as in the two graviton case, we can simplify (13) by applying the identities (10) and (6) 
The remaining scalar propagators can be expanded as
where we have taken p to be in the z direction. For the leading eikonal phase we will only need to keep the first term in the expansion. It will be useful to symmetrize across the n graviton momenta so that we have
Again, in the frame ∆ 0 = 0, p 0 = p 0 ≡ E φ = |p|, which we take nearly in the z-direction. In fact, we may choose ∆ z = 0 by taking
which we may neglect. Thus, we can again apply (10), this time for the k z components, to get
Now let us Fourier transform into (transverse) impact parameter space,
After summing over all n we have,
and where we have evaluated the integral in d dimensions and omitted finite terms independent of b, as reviewed in the appendix. The inverse Fourier transform back to momentum space is dominated by the stationary phase point at
where R s is the Schwarzschild radius of the heavy particle and ∆ ⊥ 2 = t. Thus in the ultrarelativistic regime of small momentum transfer, this process is dominated by impact parameters larger than the Schwarzschild radius of the target particle. We note, however, that because of the asymmetry between the masses of the two scalar particles, the point of stationary phase of the inverse transform occurs at a multiple of the Schwarzschild radius that is set by the ratio of the momentum transfer to the energy, not to the heavy particle mass. Therefore, at small but finite angles, the scattering is dominated by impact parameters of order R s divided by the scattering angle, rather than by the ratio of the momentum transfer divided by the total center of mass energy. In this situation, non-linear gravitational effects and corrections to the eikonal approximation are of comparable size. We will return the transformation to impact parameter below, when interpreting next-to-eikonal corrections, neglecting any contributions that are concentrated at b ⊥ = 0. 
B. Next-to-Eikonal Phase
There are many types of corrections that have been studied to the set of diagrams discussed in the previous section [4, 8] . We will be only considering the following three types of related corrections of the same order in ∆ ⊥ /E φ . First, we include those coming from the next term to the scalar propagator in the eikonal approximation. In other words, for each scalar in turn, we will keep at most one insertion of the second term in the propagator expansion of equation (16) . The other two corrections are shown in (Fig. 4) and (Fig. 5) which are also inserted only once. One-loop corrections with three graviton-scalar vertices on the light or heavy scalar line, and self energies of the graviton give no corrections of the form ∆/E φ . (As we have seen, there are no ∆ ⊥ /E φ corrections arising from the numerator factors of single-graviton exchange, which also simplifies our calculations.) We call this the next-to-eikonal approximation, including the specifically gravitational corrections. We will show that next to eikonal corrections are consistent with exponentiation in impact parameter space, and we determine the leading corrections to the eikonal phase (χ 0 ) of the previous section.
Two Graviton Exchange
Let us first consider the contribution that arises when we retain the next order term in the expansion of the light scalar propagators, Eq. (16) . The correction to the amplitude in Eq. (15) is then,
If we symmetrize in the graviton momenta we have
As expected, this expression is suppressed by a power of E φ compared to the leading power eikonal approximation. Dimensional analysis also shows that it behaves as 1/|∆| rather than the 1/|∆| 2 , as at leading power. We will give an explicit analysis of these integrals in the context of n graviton exchange below.
Let us now consider the seagull interaction, Fig. 4 , which we denote as
We have again symmetrized graviton momenta and used the heavy scalar vertex approximation, Eq. (5). The explicit scalar-graviton seagull vertex, τ α1β1α2β2 (p, p ) in this expression, can be found in the convenient appendices of Refs. [15] and [17] .
We now use the identities (9) and (10) to simplify Eq. (25),
The numerator factors for the seagull diagram are readily evaluated, and give
where we have used that fact that p · p is subleading by two powers of E φ compared to p 0 p 0 in the ultrarelativistic limit.
Organizing its factors in the same manner as for the seagull, the graviton triangle diagram, Fig. 5 is given by
where τ α1β1α2β2ηλ (k 1 , k 2 ) is the three graviton vertex, the moderately lengthy expression for which may be found in [15, 17] .
The relevant numerator factors for the triangle diagram are found by a straightforward calculation, and give
Terms not explicitly included are either suppressed by the ratio p · p /E 
where in the second equality we isolate the tree-level prefactor. This correction to the amplitude in (30) has the same power behavior in E φ and ∆ as the lowest-order power corrections given above in Eq. (24). The dimensionless factor that multiplies the prefactor is
These integrals are not difficult to evaluate, 1 using dimensional regularization in terms of which the relevant 1 We note that they occur as leading terms in scalar mass in the calculations of Appendix B in Ref. [15] .
integrals are finite [15, 16] . The result is,
For use below, we transform χ
We will encounter this contribution to the imaginary part in our discussion of n-graviton exchange in the next subsection.
Finally, we note that the diagrams that are mirror reflections of those in (Fig. 4) and (Fig. 5) ( i.e., those with the two distinct matter-graviton vertices on the light line) are suppressed in the limit of a heavy sigma particle. This simplifies the combinatorics of the next section and is a practical advantage of this particular kinematic limit.
n-Graviton Exchange
We now consider the n-graviton case. Let us first start by considering the contribution from expanding the light scalar propagators. From (15) and (16) we see that
where the sum at the end corresponds to replacing each of the n − 1 scalar propagators with the second order term from (16) one time. In these expressions, the identity (10) that reduces all graviton energies to zero has already been employed. The expression is not symmetric in the graviton momenta, so let us symmetrize,
In the second equality, we organize the terms into two groups, labelled J m and J αβ : those that have k 2 m in the numerator and those that have k α · k β in the numerator, respectively. We have also absorbed into the Js the overall delta function in the z components of loop momenta.
As for the leading eikonal approximation, we will go to impact parameter space. We will first show that the J m terms vanish away from b ⊥ = 0 in the next-to-eikonal approximation. We then turn to the non-zero contributions of the J αβ terms.
The impact parameter space contributions from any one of the J m terms is found by comparing the first and second equalities of Eq. (35), and is proportional to
We see immediately that the factor of k 2 m from the eikonal expansion cancels all explicit k ⊥ i -dependence aside from the exponential, which then gives δ 2 (b ⊥ ). In effect, the remaining interactions, which are treated in eikonal approximation, are forced to zero impact parameter. 2 As discussed above, we will not consider these contributions further.
We next analyze the factors including non-diagonal numerator momentum products in Eq. (35), which will contribute for all impact parameters. We begin by isolating the coefficients of each such momentum factor,
Here, κ (αβ) is the set of denominators K i that include both k α and k β .
We now derive a variation of the standard eikonal identity applicable to such sums, with squares of denominators involving pairs of momenta, k α and k β . Such denominators occur in two sets of diagrams, those in which k α appears alone and k β only with k α , and those in which the roles of k α and k β are reversed. We may think of these as diagrams in with the graviton with momentum k α is emitted by the light scalar line before k β , and the other way around. This suggests that we rewrite I αβ as integrals over "times", x i , i = 1 . . . n. In any permutation of the momenta we can always order x n ≥ x n−1 · · · ≥ x 1 , where α, β = n. Because the function I αβ is completely symmetric in the permutations that relate these orderings, the sum over all its diagrams can be written in terms of integrals over the x's as a sum over the 'latest time' x n , with free integrals up to x i = x n for all i < n,
where the sum for fixed α and β is over choices of momentum k n that do not appear in any denominators. For fixed k n , the unrestricted integrals over the x i s generate every term in I αβ , with each such term corresponding to one ordering of the x i s, including x α and x β . The derivatives then double each denominator in the set κ(α, β). For any fixed k n , the x n integral provides the k z delta function for all of the orderings. We can do all the integrals (39) trivially, thus combining (n − 1)! diagrams for each choice of k n , and then take the derivatives. The result is
Multigraviton exchange beyond ladders
Consider first the sum of n-graviton exchange diagrams with a single seagull, which can be written as
The products and sum in the third line generate all possible places where the seagull vertex can be placed on the light scalar line, and the permutations in the third line generate all of the possible diagrams for each placement of this vertex. Note there is an over counting because exchanging the order of the seagull legs does not result in distinct diagrams, so we divide by 2. A similar manipulation can be carried out for the three-gluon triangle diagram.
The integrals of Eq. (44) and the corresponding expression where a three-gluon triangle replaces the seagull diagram, include the same sum of permutations over n − 1 heavy particle (q) propagators, with the same overall delta function ensuring zero energy transfer. Thus we can apply (10) in the ultrarelativistic limit as we did for the purely eikonal exchange contribution. On the light scalar line, there are now n − 1 vertices and n − 2 propagators. Of these, n − 2 vertices connect to single gravitons, and at a single vertex to the sum of the seagull (Fig. 4) and graviton triangle diagrams (Fig. 5) . In the notation of Eq. (44), the latter vertex is in position j, 1 ≤ j ≤ n − 1, and carries momentum k j ≡ k j + k j+1 out of the light scalar line. Here, momenta k j and k j+1 play the role that momenta k α and k β played in our analysis of n-single graviton exchange above.
The application of Eq. (10) now factorizes the dependence of all of all single-graviton momenta on the heavy scalar line, setting all graviton energies to zero, and we
where we absorb a three-dimensional delta function that sets k j = k j + k j+1 into the function, M 1b n (k j ), which then becomes the same function of momentum transfer as in Eq. (30) above, including its prefactor. The superscript (j) reflects this change, and indicates that in the sums and products k j and k j+1 are combined to a single term, k j .
We have in Eq. (44) all placements of vertex j, which carries momentum k j . We may sum over all permutations of the n − 2 remaining vertices on the p line, which are all indistinguishable, and must be compensated for by an overall factor of 1/(n − 2)!. We thus have
For the set of momenta k 1 . . . k j−1 , k j , k j+2 . . . k n , the final line is in precisely the form necessary to apply the identity (10), so that we can set all of their z components to zero,
This expression is ready to be transformed to impact parameter space, which gives 
where power corrections are included in the imaginary term iχ 2 , with one contribution from expanding denominators and another from the seagull and graviton triangle, Eq. (33) for χ b 2 and (A20), respectively,
These are our basic results. The power correction has left the exponentiation of leading corrections unchanged, and indeed, is consistent with the exponentiation of the correction itself, since it is a pure phase. The terms found from this exponentiation would be further suppressed by powers, however, so that we will not discuss them further here.
We now see how the power correction χ 2 affects the amplitude by transforming back to momentum space. We start by rewriting (49) as
to find the correction to the stationary phase point (22) due to χ 2 ,
As usual, the condition ∂ ∂b ⊥ Phase= 0 determines the new saddle point. In terms of R s = 2GM σ , this condition reduces to
The relevant solution, at large impact parameter, is
The first term on the right is the leading order saddle point for the impact parameter, and the second term is the correction due to the next to leading power eikonal phase. While the leading order term shows that the impact parameter differs from the Schwarzschild radius of the heavy particle by a large factor of E φ /∆ ⊥ , no such enhancement is present for the correction. Thus as expected, the leading order result suggests that the scattering process is dominated by large values of the impact parameter for near-forward scattering. Nevertheless, the power correction to the leading eikonal result shifts by a finite factor times the Schwarzschild radius. Corrections are proportional to the ratio of momentum transfer to projectile energy, and are independent of the heavy particle mass. This suggests that for the system under study, small angle scattering is a transition region, where corrections to eikonal propagation and gravitational selfinteractions are of comparable sizes. In this light it may be interesting to look at yet higher powers in the our expansion about the eikonal approximation.
III. CONCLUSIONS
In this paper we have calculated the next-to-eikonal contribution to the gravitational scattering amplitude for the near-forward scattering of a light scalar by a much heavier scalar particle. Working at leading power in the heavy particle mass, we expanded the light particle propagator to next-to-eikonal power and included gravitational interactions of comparable size, finding power corrections suppressed by a single power of ∆/E φ with respect to the leading eikonal term. Corrections are pure phases, leaving leading-power exponentiation unaffected, and are consistent with the exponentiation of the power corrections themselves. The next-to-eikonal and gravitational corrections cause the saddle point of the impact parameter to shift in magnitude by an amount comparable to the Schwarzschild radius of the heavy particle. Our calculations are of relevance for the small angle scattering of a light particle from a black hole. The power corrections we find are potentially bigger than in the case of scattering of equal mass particles.
